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STRONG REGULAR EMBEDDINGS OF DELIGNE-MUMFORD 
STACKS AND HYPERTORIC GEOMETRY 

DAN EDIDIN 


Abstract. We introduce the notion of strong regular embeddings of Deligne-Mumford 
stacks. These morphisms naturally arise in the related contexts of generalized Euler 
sequences and hypertoric geometry. 


1. Introduction 

Let G be a finite group acting on affine schemes X = Spec A and Y = Spec B 
and let /: Y —>■ A be a G-equivariant morphism. Since / is G-equivariant there is an 
induced map of invariant subrings corresponding to a morphism of quotients 

g: Y/G —?■ X/G. Certain algebro-geometric properties of the morphism / (typically 
related to finiteness) are automatically preserved by the morphism g. For example, if / 
is finite then the induced morphism of quotients g: Y/G ^ X/G is also finite. Likewise 
if |G| is a unit in SpecR and / : Y —?■ A is a closed embedding then g\ Y/G —?■ X/G 
is as well. 

On the other hand, many properties of the morphism / will not descend. If / is 
fiat or smooth the induced morphism of quotients need not be. Instead we can impose 
additional conditions on the actions of G on A and Y to ensure that a property of 
morphisms of schemes does descend to the quotient. Two obvious conditions that 
suffice are that G act freely or that G act trivially on both spaces. 

Note, however, that these conditions are not necessary. For example if Y = X x Z 
and G acts trivially on Z then Y/G = X/G x Z so the fiat projection Y —)■ A descends 
to a fiat projection Y/G ^ X/G and the diagram 

Y-^ A 

Y/G-^ X/G 

is cartesian. 

This is an example of a stabilizer preserving morphism, meaning that for every point 
y eY the map of stabilizers Stab^^ Y —Stab/(j^) A is an isomorphism of groups. A well 
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known folklore theorem states that an etale stabilizer preserving morphism is strongly 
etale. This means that the morphism of qnotients Y/G X/G and the diagram 

Y - 

Y/G -^ X/G 

is cartesian. 

In this paper we turn our attention to the problem of determining when a regular 
embedding i: Y ^ X descends to a regular embedding of quotients j: Y/G ^ X/G 
(necessarily of codimension d since diniK = dimY/G and dimX = dim X/G). The 
G-equivariant morphism Y —)■ X is a local model for a morphism l\ y ^ X oi Deligne- 
Mumford stacks. We say that a morphism of Deligne-Mumford stacks is a strong regular 
embedding if the induced morphism of coarse spaces Y —)■ X is a regular embedding 
and the diagram of stacks and spaces 

3^- >X 

X - 

is cartesian. 

Although any immersion of stacks is stabilizer preserving, not every regular embed¬ 
ding is strong (Example 3.1). Our hrst result, Theorem 2.2, is a characterization of 
strong regular embeddings. When y ^ X is a. strong regular embedding of smooth 
stacks we use Artin’s approximation theorem [Art] to prove that the induced morphism 
of coarse spaces Y X is a etale locally the section of a smooth morphism. As a 
corollary we prove that if X —)■ X is a functorial resolution of singularities (in the sense 
of [Kol]) then the hber product Y = Y Xx X is a resolution of singularities of Y. 

We also prove that the pullback on Chow groups {It)*- CH*(JA’) CH*(/3^) 
commutes with the Chen-Ruan orbifold product thereby giving a ring homomorphism 
of orbifold Chow rings CH*^^(A’) —)■ CH*^j(A’). 

1.1. Applications. Strong regular embeddings arise in two related contexts, general¬ 
ized Euler sequences and hypertoric geometry. 

1.1.1. Generalized Euler seguences. X = [X/T] is a quotient stack with X a smooth 
scheme dehned over a held k and T is a torus acting with hnite stabilizer then A is a 
smooth Deligne-Mumford stack whose coarse space is a scheme. The cotangent bundle 
T*X hts into a generalized Euler sequence of vector bundles on X 

0 ^ T*X [T*X/T] ^ X X Lie(T)* ^ 0 
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which implies by Theorem 2.2 that the inclusion T*X —)■ [T*X/T] is a strong regular 
embedding. We prove that if M and N are the coarse spaces of T*X and [T*X/T] 
respectively then the regular embedding i: M —N induces an isomorphism of integral 
Chow groups i* : CH*(N) —)■ CH*(M). We also conjecture that if N —)■ N is a functorial 
resolution of singularities, pullback along the morphism M —)■ N obtained by base 
change induces an isomorphism of integral Chow rings CH*(N) —)■ CH*(N). Finally we 
prove that the pullback (It)*: C'H.*{I[T*X/T]) —)■ CH*(/T*A’) induces an isomorphism 
of orbifold Chow rings. 


1.1.2. Hypertoric stacks. Hypertoric varieties were first defined by Bielawski and Dancer 
[BD] and give a large and interesting class of algebraic symplectic manifolds with com¬ 
plete hyperKahler metrics. Algebraic symplectic manifolds naturally occur in a variety 
of mathematical contexts including representation theory (Springer resolutions, Naka- 
jima quiver varieties, Slodowy slices), string theory (moduli spaces of Higgs bundles) 
and mirror symmetry (Gromov-Witten theory of K3 surfaces and T*P^ ). 

The theory was further developed by a number of authors including Hansel and 
Sturmfels ([HS]) and Proudfoot ([Pro2, Prol]. 

Let T be a torus of rank d and let V be an n-dimensional representation of T with 
d X n weight matrix A = {aij). There is a natural algebraic moment map fi: V x 
V* —)■ Lie(T)* and the hypertoric variety Y{A,6) is defined as the double reduction 
iy X V*)ll//T where the first reduction is an algebraic symplectic reduction with 
respect to /i and the second reduction is a GIT quotient with respect to the torus 
action linearized with respect to a character 9 G X{T). 

The hypertoric variety Y [A, 6) naturally embedds in a Lawrence toric variety X(A^, 9) 
which is the GIT quotient {V x V*)//T. Following Jiang and Tseng [JTl] we refer 
to the corresponding quotient stack y{A,9) (resp. X{A^,9)) as a hypertoric stack 
(resp. Lawrence toric stack). If the character 9 is generic then the stacks y{A,9) and 
9) are Deligne-Mumford and the corresponding varieties are their coarse spaces. 

In Section 5 we prove that the embedding y{A,9) ^ X{A^,9) is a strong regular 
embedding. This implies that the morphism Y{A,9) —)■ X(A^,6*) is a regular em¬ 
bedding which is etale locally a section of smooth morphism, so that any functorial 
resolution of singularities of the Lawrence toric stack X(A^, 9) pulls back to resolution 
of singularities of the hypertoric variety Y{A,9). 

We also prove (Theorem 5.4) that the inclusion morphism l: y{A,9) ^ Y{A^,9) 
induces an isomorphism of integral Chow rings CH.*{Y{A^,9) CH.*{Y{A, 9)) and 

integral Chow groups CH*(X(A^, 6*)) —)■ CH*(Y(A, 6^)). 

As a corollary of Theorems 5.4 and 2.6 we also prove (Corollary 2.8) that the in¬ 
clusion of inertia stacks iy{A,9) —)■ IX{A^,9) induces an isomorphism of integral 
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orbifold Chow rings. With rational coefficients this result was previously obtained by 
Jiang and Tseng [JTl], 


1.2. Conventions and notation. 


1.2.1. Generalities on stacks. Unless otherwise stated we work with Deligne-Mumford 
stacks of finite type (and hence finite presentation) over a Noetherian scheme S. 

Let X he a Deligne-Mumford stack. If T is an S'-scheme and T Jh is a T-valued 
point then we use the notation Aut(x) to denote the T-group Isom'r(x,x). Following 
Abramovich and Vistoli [AV] we say that a Deligne-Mumford stack is tame if for every 
geometric point Spec /c A of A, the finite group Aut(a;) is linearly reductive over 
Spec k. This is equivalent to saying that | Aut(x)| is prime to the characteristic of k. 

If A is a Deligne-Mumford stack we let JA denote the inertia stack A x^xx A" 
where the fiber product is taken with respect to the diagonal A ^ A x A. Because 
A is Deligne-Mumford the natural morphism JA —)■ A is unramified. The fiber of 
JA —)■ A over a T-valued point T A is the T-group Aut(a;). We denote by J^A the 
double inertia stack defined as the fiber product IX X;t’ IX. Note that PX is not in 
general equivalent to the stack I{IX). 

A Deligne-Mumford stack A has finite stabilizer the morphism IX —)■ A is finite. 
The stack is separated if the diagonal A —)■ A x A is finite. A fundamental theorem 
of Keel and Mori implies that any Deligne-Mumford stack with finite stabilizer has a 
coarse space X. 

An algebraic space X is a coarse space of a stack A if there is a morphism A A X 
such that 

(i) IT is initial for maps from A to algebraic spaces; ie for any morphism f: X ^ Z 
with Z an algebraic space there is a unique morphism of algebraic spaces g: X ^ Z 
such that the morphism / factors as g o ir 

{ii) IT induces a bijection between geometric points of A and geometric points of X. 

The universal property {i) implies that the coarse space is unique up to (unique) 
isomorphism of algebraic spaces. 

A stack A is a quotient stack if it is equivalent to a stack of the form [X/G] where 
X is an algebraic space and G is flat closed subgroup scheme of GL„(S') for some 
n. Equivalently we may assume A = [X'/ GL„(5')] where X' is the algebraic space 
(X X GL„(^))/G. 

If A = [X/G] is a quotient stack then the coarse space of X of A is the geometric 
quotient X/G in the category of algebraic spaces. 
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1.2.2. Chow groups. If X is a scheme defined over a field we denote by CHrf(X) the 
group of d-dimensional cycles modulo rational equivalence. Likewise we denote by 
CH'^(X) the group of codimension-d cycles modulo rational equivalence. When X is 
equidimensional of dimension n, CH(i(X) = CH"'“'^(X). Set CH^,{X) = ®iiCHfi{X) 
and CH*{X) = ©dC'iL'^(X). If /: F ^ X is proper then there is a pushforward 
/*: CHdiY) CHd{X). Likewise if / is flat, or an lei morphism there is a pullback 
/*: CH'^{X) —)■ CH^iY). When X is smooth, the diagonal is a regular embedding 
and pullback along the diagonal defines a graded ring structure on CH*{X). 

This definition of Chow groups formally extends to algebraic spaces. 

If G is a linear algebraic group acting on an algebraic space X then we can define 
equivariant Chow groups [EG]. The group CH^(X) is defined as CH'^((X x U)/G 
where U is an open set in a representation V oi G such that G acts freely on U and 
codim(l/ \ U) > d. This dehnition is independent of the representation V and the 
open set U. 

If X is a Deligne-Mumford stack then CH'^(T’) denotes the Chow group in codi¬ 
mension d dehned by Kresch in [Krej. Typically we will work with quotient stacks 
X = [X/G]. In this case CH'^(T:’) = GHq{X) where GHq{X) denotes the equivari¬ 
ant Chow group defined above. Note that GH’^{X) can be non-zero for d > dimX, 
although this group will be torsion. Likewise the group GHd{X) can be non-zero for 
negative d. 

Bloch dehned for a scheme X, higher Chow groups CHd(X, k) parametrizing cycles 
of dimension d -|- fc on X x which intersect the faces of transversely. (Here A^ 
denotes the algebraic fc-simplex Spec k[to,... ,tk\/(to + ... + tk — 1).) In this dehnition 
CH'^{X,0) = CH^{X). 

A key property of higher Chow groups proved by Bloch [Bio] and Levine [Lev] is 
that if X is an arbitrary scheme and Z C X is a closed subscheme with complement 
U there is a localization long exact sequence 

(1) ... ^ CHd{Z, k) ^ CHd{X, k) ^ CHd{U, k)^... 

extending the classical localization sequence 

CHd{Z) ^ CHd{X) ^ CHdiU) ^ 0 

for ordinary Chow groups. 


1.3. Acknowledgments. The author is grateful to Daniel Bergh and Daniel Lowen- 
grub for helpful discussions. 
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2. Definitions and statements of results 

Definition 2.1. A morphism of Deligne-Mumford stacks t: 3^ —?■ A is said to be a 
strong regular embedding if the induced morphism of coarse spaces i: Y —)■ X is a 
regular embedding and the diagram 

y ^ X 

i i 

Y A X 


is cartesian. 

Our first result is the following characterization of strong regular embeddings: 

Theorem 2.2. Let t: y ^ X be a regular embedding of tame Deligne-Mumford stacks 
and let Y —)■ X be the corresponding embedding of coarse spaces. The following condi¬ 
tions are eguivalent: 


(i) L\ y ^ X is a strong regular embedding. 

(a) There is a stratification of y by locally closed substacks such that the normal 
bundle restricted to each stratum is trivial. 

(ii’) IfY is a scheme then is locally trivial in the Zariski topology on y. 

(Hi) For every geometric point Spec/c A y the pullback of {Nfjy is a trivial repre¬ 
sentation of the inertia group Gy = Aut{y). 

(iv) For every geometric point Speck A y there is a strongly etale morphism 
—?■ X with U affine such that normal bundle to the regular embedding y Xv 

[U/G] -A [U/G] IS trivial. 

(v) For every geometric point Speck A y there is a strongly etale morphism 
\U/Gy] —X where U is an affine scheme such that y x^U is defined by a G -fixed 
regular seguence in 0{U). 

2.1. Strong regular embeddings and resolutions of singularities. Given a strong 
regular embedding l: y ^ X of smooth Deligne-Mumford stacks we obtain a regular 
embedding of the possibly singular coarse spaces Y ^ X. Our next result shows that 
this morphism is rather distinguished among regular embeddings in that it is etale 
locally a section of a smooth morphism. 

Theorem 2.3. Let y ^ X be a strong regular embedding of smooth Deligne-Mumford 
stacks and letY X be the induced regular embedding of coarse spaces. Then for any 
point y of Y there are etale neighborhoods W ^ Y of y in Y and Z ^ X of y in X 
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such that the morphism W X factors as W ^ W —?■ Z —)■ X where W Z a 
section of a smooth morphism Z —)■ W and the morphism W —?■ W is etale. 

As an application of Theorem 2.3 we can show that the induced morphisms of 
coarse moduli spaces has a strong functorial property with respect to resolutions of 
singularities. 

Corollary 2.4. Let l\ y ^ X he a strong regular embedding of smooth, tame Deligne- 
Mumford stacks defined over a perfect field k. Then, if X is a canonical (functorial) 
resolution of singularities of X then Y Xx Y is a a resolution of singularities ofY. 

Remark 2.5. To date, the existence of resolutions of singularities has only been es¬ 
tablished in characteristic 0. 

2.2. Strong regular embeddings and orbifold products. For stacks dehned over 
a held we also obtain the following result about orbifold products. See Section 3.3 for 
the notation. The proof will be given in Section 3.3. 

Theorem 2.6. Let t: y —)■ X be a strong regular embedding of smooth Deligne- 
Mumford stacks and let Ii\ ly —> IX he the induced morphism of inertia stacks. 

The pullback (li)*: CH*(/A’) —>■ commutes with the orbifold products on 

CE*{IX) andCRyiy). 

As an application we obtain the following corollaries which will be proved in Section 
4 and Section 5 respectively. 

Corollary 2.7. Let T be a torus acting with finite stabilizer on a smooth variety 
X and let X = [X/T] be the guotient stack. The pullback {II)*: CH*(/[T*X/T]) —)■ 
CH*(/T*A’) induces an isomorphism of orbifold Chow rings CH*^j([T*X/T]) —)■ CH*^^(T*A’). 

Corollary 2.8. Ify{A, 6) is a hypertoric stack^ and X(A, 9) is the associated Lawrence 
toric stack then the pullback on Chow groups {li)*: Cli*{X{A,9)) —)■ CH*(3^(A, 6^)) 
induces an isomorphism of orbifold Chow rings. 

The analogous results also hold for orbifold K-theory. 

Remark 2.9. With rational coefficients, Corollary 2.8 was proved by direct calculation 
by Jiang and Tseng in [JTl, Theorem 3.10]. 


3. Prooes of Theorems 
3.1. Proof of Theorem 2.2. 

^See Section 5 for notation and definitions. 
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(i) (ii), (ii’). Since the relative dimension of the morphism y X is necessarily the 

same as the relative dimension of the morphism Y X, the normal bundle is the 
pullback of the normal bundle iYj. If y is an algebraic space then it has a stratihcation 
by schemes, and on each open stratum Ni is locally trivial. Rehning the stratihcation 
if necessary we obtain one where Ni is trivial on each open stratum. Pulling back to 
y gives the desired conclusion about N^. In the case where R is a scheme then iVj is 
locally trivial in the Zariski topology and (ii’) follows. 

(ii) (iii). Let Specfc A 3^ be a geometric point of y. Our hypothesis (ii) implies 
that the pullback of to BGy is trivial. This means that the hber of at y is a 
trivial Gy-module which is assertion (iii). 

(iii) (iv). By the local structure theorem for Deligne-Mumford stacks (cf. [AV, 
Lemma 2.2.3]), every geometric point y ^ y has a strongly etale neighborhood iso¬ 
morphic to [U/Gy] where U is an affine scheme and Gy = Auty(y). The pullback N of 

to [U/Gy] corresponds to a G^^-equivariant vector bundle N on the affine scheme U. 
Let O be a point of U mapping to y so that O is fixed by Gy. In a neighborhood of the 
fixed point O the bundle N is non-equivariantly trivial. Taking the intersection over all 
g & Gy of the translates of this neighborhood we obtain a Gy-invariant neighborhood 
of O such that the restriction of N to this neighborhood is non-equivariantly trivial. 
Replacing U with this neighborhood we may assume that N decomposes as 
where the sum is over the irreducible representations of Gy. By hypothesis the hber of 
N at the hxed point O is a trivial representation. So N must be globally trivial as a 
Gy-equivariant bundle. 

(iv) (v). Again let O be a hxed point for the Gy action which maps to y and let 
V = y Xx U. Then y Xx [U/Gy] = [R/G^j. Since O is a hxed point the local ring 
A = Ou,o has an induced action of Gy. Let B denote the local ring Oy^c so B = A/I. 
We wish to show that / is generated by a Gj^-hxed regular sequence. By assumption 
Gy acts trivially on the R-module I/P. Then I/P is free with basis Xi,.. .Xr each of 
which is Gj^-hxed. Let xi,... ,Xm be lifts of these elements to a regular sequence in A. 
By construction gxi = Xi mod P. Since G is linearly reductive the G-module has a 
Reynolds operator p. Let yi = p{xi) then yi = Xi mod P so the yi form a G^-hxed 
regular sequence that generate I. 

(v) (i). Since \U/G] ^ A is strongly etale the corresponding morphism U/G ^ X 

is etale, and to check that t: R —?■ A is a strong regular embedding it suffices to check 
that the morphism [R/G] [U/G] is a strong regular embedding where R = y XxU. 

As above assume that U = Spec A and R = Spec A/J. Then we must show that 
the kernel of the morphism of invariant rings A*^ —)■ (A//)*^ is generated by a regular 
sequence and that A/I = A^ ©^g {A/I)^. 

Let xi,..., Xr G A be a regular sequence of G-fixed elements that generate I. Then 
these elements also generate the invariant ideal . Since G is linearly reductive 


STRONG REGULAR EMBEDDINGS AND HYPERTORIG GEOMETRY 


9 


(A/I)^ = as A'^-modules. Also, since A^ is a subring of A the sequence 

is also regular in A^. Finally, since I is generated by G-fixed elements 
I^A = I so A/I = A (A/I)^ as claimed. 

Example 3.1. We illustrate the failure of the Theorem when t is not a strong regular 
embedding. Let F = with the action of G = ±1 given by {—l){x,y) = {—x, —y) 
and let X = {(0,0)}. Then the morphism of quotient stacks BG = [X/G] —)■ [F/G] is 
a regular embedding. However the induced morphism of coarse moduli spaces is the 
inclusion of the singular point in the affine quadric cone Speck[x‘^,y‘^,xy]. 

In this example I is not generated by a G-£xed regular sequence and is gen¬ 
erated by {x‘^,xy,y‘^) which do not form a regular sequence in the invariant subring 
k[x‘^,xy,y‘^]. The normal bundle to (V in A is the vector bundle on BG corresponding 
to the non-trivial two-dimensional representation of G with weights (-1,-1). 

On the other hand if we consider the action given by (—l)(a,6) = {—a,b) and let 
F = Z{y) then F is dehned by a G-£xed regular sequence and I = {y) = so that 
A/1 = Specfc[a:] is obtained by extension of scalars from AP = Specfc[a:^]. 

Example 3.2. The tameness assumption is crucial so that the group G is linearly 
reductive. Let k be held of characteristic 2 and let G = Z 2 act on k[x, y] be exchanging 
coordinates. Let / = {x + y). Then I is generated by a G-£xed regular sequence. 
However, the sequence of G-modules 0 —^ A —)■ A/1 does not remain exact after 
taking G-invariants, since the map A^ = k[x + y,xy] —?■ {A/I)^ = k[x,y]/{x + y) is not 
surjective. In particular the map Spec(A/J)‘^ —)■ SpecA'^ is not a closed embedding. 
Hence the regular embedding of stacks [(Spec A//)/G] —)■ [(Spec A)/G] is not a strong 
regular embedding. 

3.2. Proofs of Theorem 2.3 and Corollary 2.4. 

Proof of Theorem 2.3. Let r/ —)■ (V A be a geometric point. By the local struc¬ 
ture theorem for tame Deligne-Mumford stacks there is a strongly etale neighborhood 
[G/Gy,0] {X,y) where U = Spec A is affine and O E U is Gj^-hxed. 

Since the morphism y ^ X is representable and affine, the inverse image F of (V in 
U is affine and the morphism {f/V/Gy\,0) iy,y) is also strongly representable and 
we have a cartesian square 

([VIG,],OY - .(|(7/G,],0) 

{y.vY - 

where the vertical maps are strongly etale. 

Thus we are reduced to the case that X = \U/G] with U = Spec A affine, G a hnite 
reductive group, and y = [F/G] where F = SpecA/J is a closed subscheme whose 
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ideal / = is generated by a G-invariant regular sequence. Since O E U 

in assumed to be G-fixed there is an induced action of G on A, the completion of A 
at the maximal ideal of O. Since V is smooth over the ground scheme, there is an 
isomorphism of G-algebras A ~ A/I[[f-^^,... f^]] where the is any lift of ft to A. 
Since G acts trivially on the /j we obtain an isomorphism A^ ~ {A/I)^[[fi,... /^]]. 

Since G is linearly reductive, A'^ = A^ where the completion of A^ is taken at the 
contraction of the maximal ideal corresponding to O G Spec A. Thus the completion 
of the local ring of X = f//G at the image of O is isomorphic to a formal power series 
ring over the completion of the local ring oi Y = V/G aX the image P of O in Y. 
Applying Artin’s etale approximation theorem [Art, Corollary 2.6], there is a scheme 
W and etale morphisms W X and IT —)■ X x A'’ whose image contains P and P x 0 
where 0 is the origin in A'’. Let Z' = Y Xyxat Z so the induced morphism Z' ^ W is 
a section of a smooth morphism. Applying Artin’s approximation to Z' and Y yields 
etale morphisms Z ^ Y and Z ^ Z' and a commutative diagram 


Z-> Z' -^ W 



□ 


Corollary 2.4 follows from Theorem 2.3 and the following proposition. 

Definition 3.3. A regular embedding Y X with the following local structure is 
called a tubular regular embedding : 

For each point of y E Y C X there are etale neighborhoods of IT —)■ X and Z —)■ T 
such that the morphism Z —)■ X factors as Z —)■ Z' —>■ IT —)■ X where Z' —)■ IT is a 

section of a smooth morphism and Z ^ Z' is etale 

Proposition 3.4. Let BR be a resolution of singularities functor which is functorial for 
smooth morphisms [Kol, Chapter 3] and let i: Y ^ X be a tubular regular embedding. 
Let X = BR{X). Then i*X is a resolution of singularities of X. (Here i*X refers to 
the fiber product Y Xx X.) 

Proof. First suppose that i: Y —)■ X is a section of a smooth morphism tt: X ^ Y. In 
this case, by functoriality, X = 7r*T where Y = BR(Y). Since tt o i = ly, i*X = Y. 

For the general case observe that if T —?■ X is a regular embedding then the image 
of the smooth locus of Y is contained in the smooth locus of X. The reason is that 
any regular embedding with a smooth source must have a smooth target by [EGA4, 
Theorem 17.12.1]. 
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Thus i*Y —)■ y is an isomorphism over the smooth locus of Y. To hnish the proof 
we must show that i*Y is smooth. This can be done after etale base change. By 
hypothesis we have a commutative diagram 


Z Z' W 



where j is a section of a smooth morphism and f,g, h are etale. Hence Z = g*j*f*X. 
On the other hand by commutativity g*j*f*X = h*i*X. Thus i*X is smooth after 
base change by the etale morphism h. □ 

Remark 3.5. A result similar to Proposition 3.4 was proved by Daniel Lowengrub in 
[Low] . 

3.3. Orbifold products and Proof of Theorem 2.6. 

3.3.1. Definition of the obstruction class and orbifold product. If A is a smooth Deligne- 
Mumford stack with finite stabilizer then Chen and Ruan [CR] dehned an exotic ring 
structure on the cohomology of the inertia stack IX called the orbifold product. This 
product has been studied by many authors and extended to both Chow groups and 
K-theory. We briefly recall the dehnition the orbifold product using the formalism 
developed in [JKK, EJKl, EJK2]. 

Denote by PX the hber product IX XxIX. Denote by ci and 62 the two projections 
PX —)■ X. Since PX has the structure as a relative group scheme over IX there is an 
additional morphism /i: PX —)■ IX corresponding to the composition in this group. 

The orbifold product on CH*(JA’) is dehned as follows. Given a,/9 G CH*(JA’), 

a A /3 = p* {ela ■ ■ evL{^x)) 

where Px is the obstruction bundle and eu denotes its top Chern class. (Note that 
IX is in general not equidimensional.) This product preserves the age grading on the 
Chow groups of IX. (See [JKK] for the dehnition of the age grading.) 

An analogous product can be dehned in iC-theory where the symbol eu(^x) refers 
to the iC-theoretic Euler class 

We denote by CH*j.f,(A’) the group CH*(JA’) with the orbifold product and age 
grading. 

If we make the very mild assumption that X = [W/G] with G a linear algebraic 
group acting with hnite stabilizer on a smooth algebraic space X then the formalism 
of [JKK, EJKl, EJK2] can be used to dehne the class of the obstruction bundle in 
Ko{PX), the Grothendieck group of vector bundles on PX. To do this we recall the 
dehnition of the logarithmic trace. 
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Definition 3.6. [EJKl, Definition 4.3] Let X be an algebraic space with the action of 
an algebraic group Z and let D ^ X be a Z-equivariant vector bundle on X. Let g be 
a finite order automorphism of order r of the fibers of V ^ X such that the action of 
g commutes with the action of Z. Set L{g){V) = r^k £ Xo{Z, X) (g) Q where 14 

is the e^’^**^/'’-eigenspaces for the action of g. (Here Ko{Z, X) denotes the Grothendieck 
group of Z-equivariant vector bundles on X.) 

Remark 3.7. Observe that L{g){V) = 0 if and only if g acts trivially on the fibers of 
1/ ^ X. 

Under the assumption that X = [X/G], PX = [IqX/G] where J^X = {{gi, g 2 ,x)\gix 
g 2 x}. Following [EJKl] IqX decomposes into a disjoint sum indexed by double conju- 
gacy ^ classes 4/ C G x G. Specifically IqX = where 

P = {{ 9 i, 92 ,x)\gix = g 2 X = x, ( 5 - 1 , 5 - 2 ) e $}. 

If { 91 , 92 ) e <h then [/$/G] = /Zg{ 9 i, 92 )] where Zg{ 9 i, 92 ) is the subgroup of G 

centralizing gi and g 2 - 

On a component [P/G] = /Zg{ 9 i, 92 )] the class of the obstruction bundle is 

given as an element of Ko{Zg{ 9 i, 92 ), {X^^'^^) by the formula [EJK2, Definitions 2.2.3, 
2.2.6, 2.3.3] 

( 2 ) 

LR(T) := L(gi)(T\x3i,92)+L(g2){T\x9i,92)+L((gig2) ^)(T|x9i.92)—T|x9i.92 + (T|jss:9i.92)^^’®^ 

Here T is the class in Ko{G,X) corresponding to the tangent bundle of the stack 
X = [X/G]. 

3.4. Proof of Theorem 2.6. 

Theorem 3.8. Let y ^ X be a strong regular embedding and let y^x the class of 
the obstruction bundle for the orbifold product in Kq{PX). Then = Pi*^x where 
My is the obstruction bundle for the orbifold product on y and Pi\ Py —)■ PX is the 
inclusion. 

A necessary ingredient in the Proof of Theorem 3.8 is the following property of 
strong regular embeddings. 

Proposition 3.9. Let l\ y X be a strong regular embedding of smooth Deligne- 
Mumford stacks and let ly and IX be their respective inertia stacks. Then the normal 
bundle of ly in IX is the pullback of the normal bundle of y in X. Likewise the 
normal bundle to Py in PX is the pullback of the normal bundle ofy in X. 


double conjugacy class is the orbit of a pair (31,92) C G x G under the diagonal action of G by 
conjugation. 
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Example 3.10. The hypothesis that y is smooth is crucial. Let X = [A^//i 2 ] where ^2 
acts by —1 • (a, &) = (—a, —h). Let V = V{xy) and let V = [V/y2]- Since V is dehned 
by a /i 2 -invariant function, the embedding V ^ X is a. strong regular embedding of 
pure codimension one. The inertia IX is the quotient disjoint sum IX ]J Bfi 2 and the 
inertia ly is the disjoint sum of ly ]J Bfi 2 - Thus the embedding of ly in IX does not 
have pure codimension one so the normal bundle if ly in IX cannot be the pullback 
of the normal bundle of ^ in df. 

Proof of Proposition 3.9. Since y ^ X is a closed embedding the diagram 

ly-^ix 

y^-^x 

is cartesian. Moreover, since y and X are smooth, ly and IX are also smooth, so 
li is also a regular embedding. To check that the normal bundle of ly in IX is the 
pullback of the normal bundle of y and X it suffices to prove that the two embeddings 
have the same codimension. 

This can be checked after base change by strongly etale morphism. Thus we can 
assume that X = U/G where U is affine and G is a hnite group and y = [E/G] where 
1/ is a closed subscheme cut out by a G-£xed regular sequence. Since X = \U/G] the 
inertia stack IX is the quotient stack [IgU/G] where IgX is the inertia group for the 
action of G. Since G is finite IqU = where G® is the subscheme hxed by g. 

Likewise, ly = [IgV/G] and IqV = 

Thus it suffices to check that V ^ U is a G-equivariant embedding of affine schemes 
of pure codimension d and V is dehned by a G-hxed regular sequence. Then for any 
g & G the codimension of in is also d. Let r/ G E® be a point and let Gy be 
the stabilizer of y which necessarily contains g. The argument used in the proof of 
Theorem 2.2 shows that the complete local ring Oy^u is isomorphic as a G^-module to 
Oyy [[Ti, ..., TJ] where Gy acts trivially on the Ti. Hence 

Gu> = 01% = ... ,T,]] 

so the codimension is preserved. 

A similar argument shows that the normal bundle of Xy in XX is also the pullback 
of the normal bundle to ly in IX. □ 

Proof of Theorem 3.8. \i y ^ X is a strong regular embedding then by Proposition 
3.9 we have the following identity in Ko{ZG{gi,g 2 ), 

TX\ Y91,92 — TJ^I YS1’S2 + A” I y 91.92 
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where N is the normal bundle oi y m. X. Moreover, since t is a strong regular em¬ 
bedding the action of the hbers of iV|y 91,92 are trivial modules for the action of the 
group generated by gi,g 2 . Hence L{gi){N) = L{g 2 ){N) = L{{gig 2 )~^){N) = 0. Also, 
since gi,g2 act trivially on N, N = iV^i’S'2. Substituting into formula (2) we see that 
LT{Tx)\y!>1’!!2 = LT{Ty) which proves the proposition. □ 

Proof of Theorem 2.6. To prove the theorem we must show the following identity holds 
for any a,(3 ^ CH*(JA’). 

(3) /i* {el{lL)*{a) ■ e*2{lL)*{(3) ■ en{.f%y)) = (p*(eia • e^/d • en{^x)) 

By Theorem 3.8 ^y = By Proposition 3.9 the normal bundle of Py in PX is 

the pullback of the normal bundle to ly in IX. It follows [Ful, Theorem 6.2(b), (c)] that 
e* o [II)* = {Pi) o e* as morphisms CH*(JA’) —)■ CH*(J^3^). Applying [Ful, Theorem 
6.2(a), (b)] also implies that g.^.o{Pi)* = {Ii)*og.^ as morphism CH*(/^A) —)■ CH*(/y). 

Substituting these identities into Equation (3) yields the theorem. □ 


3.5. Examples. Let X = [A^/yUa] where the generator uj of ps acts by u){a,b,c) = 
{a,ub,Pc). Since is a representation of ps, CH*(A) = CH*(H/i 3 ) = Z[t]/3t. The 
inertia IX has three components indexed by fi^. The identity section p is isomorphic 
X and the components P and P 2 which are both isomorphic to x which 
is identihed with the quotient [{(a, 0, 0)}/H/i3]. The Chow groups CH*(JA) have a 
natural CH*(i?/i 3 )-module structure which is preserved by the orbifold product so we 
write CH*(/A) = (B^^^,Z[t]/{3t). 

Since ps is abelian there are 9 double conjugacy classes and PX has 9 components 
indexed by /i 3 x For each pair { 1711 , 1712 ) G /^s x /i 3 let ^{ 1711 , 1712 ) be the restriction 
of the obstruction bundle to the component m 2 ~ [{A^)^^’"^^ /g. 3 ]. Let f be the 
defining representation of /i 3 . Then the tangent bundle T of A corresponds to the 
representation l + xXx'^ where 1 denotes the trivial representation. Using the formula 
of [EJKl] we obtain ^{u},u}) = ^{P,P) = x and ^{mi,m 2 ) = 0 for all other 

pairs (rui,m 2 ) G/i 3 x/i 3 . 

If we denote by P with m G /i 3 the generator of the Z[t]/(3t)-module CH*(/m), then 
we obtain the following identities for the orbifold product. 

P A P2 = 2PI1 

P 2 "k 1^2 tP 


and 1 1 acts as the identity. Hence 

CH*^,,(/A) = Z[t, P, P2]/{3t, ll - 2tP, PP 2 - 2P, II 2 - tp2). 
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We will now consider various substacks of X and compare orbifold Chow rings. 
To start let y = [A^/ps] where u ■ {b,c) = {ub,uc) The map — )■ A^, (6, c) t-A 

(0, b, c) induces a strong regular embedding of stacks y ^ X since the ideal of A^ 
in A^ is generated by the /is-hxed function x. Again, CH*(/A’) is isomorphic to the 
and the pullback induced by the inclusion ly —)■ IX maps to 
and 1^2 to 1^2 and direct calculation shows that the pullback induces an isomorphism 

Now let y be the substack [A^/ps] where oj ■ {a,b) = {a,u)b). The map A^ —)■ A^, 
(a, b) i-A (a, b, 0) induces an embedding y ^ X but since the dehning equation of 
A2 in A^ is not /i 3 -invariant this is not a strong regular embedding. Indeed a direct 
calculation shows that = 0 so that is not the pullback of Again, 

CH*(/A’) is isomorphic to ©meAt3^M/(3^) and the pullback induced by the inclusion 
y X maps Im to Im- However, because = 0 the orbifold Chow ring has the 
following presentation 

/i, /2]/(3t, 1^2 - lj^2 - 2t^, L 2 L 2 - tl^2) 

and we see that the map that sends the generator Im of CH*(JA’m) to the generator Im 
of CH*(J3^m) is not a homomorphism of orbifold Chow rings. 

Finally let y = [Z/ where Z = V{iiz — 1) C A^. Since the equation yz — 1 
/ia-fixed the map 3^ —?■ A is a strong regular embedding. Since pa acts freely on Z 
on the quotient stack y is represented by the scheme A^ x Thus ly = y and 
so {iy)uj and {iy)uj'^ are both empty. Thus CH*(/y) = CH*(A^ x Gm) = ^ and the 
orbifold product is trivial. The pullback induced by the inclusion y X maps A and 
1^2 to 0 and the map on orbifold Chow rings is the homomorphism 

C]/(3^, - 2iL, LL 2 - II 2 - tl^2) Z 

given by setting t, 1^2 to be equal to 0. 

4. Application: The generalized Euler sequence and cotangent 

BUNDLES STACKS 

Let T be a torus acting properly on a smooth variety X defined over a field k. Let 
X = [W/T] be the corresponding quotient stack. 

In this section we consider two natural quotient stacks that arise from this data, 
namely T*X and [T*X/T]. The first stack is intrinsic to X while the latter depends on 
the presentation of A as a quotient stack. There is an exact sequence of vector bundles 
on A 

(4) 0 ^ T*X [T*X/T] ^[X X Lie(T)7T] ^ 0. 

Since T is a torus Lie(T) is a trivial T-module and the last bundle in the sequence is the 
trivial bundle [A/T] xLie(T). We call (4) the generalized Euler segwence because, when 
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X = \ {0} and T = acts with weights all equal to one then X = [X/T] = P"" 

and (4) is the usual Euler sequence for the cotangent bundle of P"". 

Our goal is to understand the relationship between the stacks T*X and [T*X/T]. 
Since both stacks are vector bundles over X the inclusion i: T*X —)■ [T*X/T] induces 
pullback isomorphism i*: CR*{[T*X/T] CH*(A’). 

However, stronger results hold. Let M be the coarse space of T*X and let N be 
the coarse space of [T*X/T]. By Sumihiro’s theorem [Sum], the action of a torus on a 
normal variety is locally linearizable. This implies that the coarse spaces M, N and X 
are all /c-varieties. 

There is commutative triangle of morphisms of schemes. 

M- - ->N 

X 

Note that in general M and N are not vector bundles over X. 

Proposition 4.1. The inclusion l\ T*X —)■ \T*X/T] is a strong regular embedding, 
so the inclusion M —)■ N is a regular embedding which is etale locally isomorphic to a 
section of a smooth morphism. 

Proof. Observe that the sequence T*X [T*X/T] ^ [X x Lie(T)*/T] is exact and 
Lie(T)* is a trivial T-module (because T is diagonalizable). Hence the normal bundle 
to L is the trivial bundle T*X x Lie(T)* so i is a strong regular embedding. □ 

Corollary 4.2. If N is a canonical (functorial) resolution of singularities of N then 
M := M XN is a resolution of singularities as well. 

The main result of this section is the following result about the Chow groups of M 
and N. 

Theorem 4.3. //N is a scheme then the pullback l*: CH*(N) —)■ CH*_dimT (M) is an 
isomorphism of integral Chow groups. 

Theorem 4.3 follows from a more general result about strong regular embeddings of 
vector bundles on not-necessarily smooth quotient stacks. 

Let X = [X/T] he a. reduced, tame quotient stack with finite stabilizer. Let 

0-^ V -> V-^ V" 




>0 
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be a short exact sequence of vector bundles on X such that there is a stratihcation 
of X on which V" is trivial so the inclusion V' —?■ V is a strong regular embedding by 
Theorem 2.2. Denote by V and V' the coarse moduli spaces of V and V respectively 
and let D V' —)■ V be the inclusion. 

Theorem 4.4. //V is a scheme the pullback on (higher) Chow groups i* : CH*(V, i) 
i) is an isomorphism with integer coefficients. 

Remark 4.5. The assumption that V is a scheme is required for the proof because we 
use the localization theorem for higher Chow groups. If we knew that this sequence 
was also valid for algebraic spaces then the theorem would go through without this 
hypothesis. 

We hrst prove a special case of Theorem 4.4 

Lemma 4.6. The conclusion of Theorem 4-4 holds for classifying stacks BH where H 
is finite, linearly reductive group. 

Proof. A vector bundle on BH is a stack V = [V/H] where D is a linear representation 
of H. The coarse space of V is the quotient scheme V/H = SpecC>(Id)^. 

By hypothesis we are given a short exact sequence 
of //-modules such that V" is trivial. 

Since H is linearly reductive any short exact sequence of //-modules splits, so D = 

V © V and the inclusion V ^ V = V ® V" is the 0-section of the projection 

V © V —)■ V. Moreover, since H acts trivially on V", V/H = V'/H x V" and 

the inclusions of quotient V'/H -A V/H is the inclusion of the 0-section of the trivial 
vector bundle V'/H x D —)■ V/H. Since pullback along the 0-section of a vector bundle 
induces isomorphisms of (higher) Chow groups. □ 

Lemma 4.7. If X = [///T] is a reduced Deligne-Mumford guotient stack with T a di- 
agonalizable group then there is a dense open substack U C X such thatU is isomorphic 
to BH X W where H is a finite diagonalizable group and W is affine. 

Proof of Lemma. Embedding T into a torus T' the stack X can presented as the quo¬ 
tient [{X XtT')/T']. Since T and T' are assumed to be smooth, X x^T' is also reduced. 
Replacing T with T' we may assume that it is a torus. By [Tho, Lemma 4.3] there is 
a dense T-invariant open subspace of X which is a separated scheme. Replacing X by 
this open subset we may assume that X is a reduced, separated scheme. 

By [Tho, Proposition 4.10] there is an affine open subspace U G X and a diagonaliz¬ 
able subgroup T' gT with quotient torus T" such that T acts via the homomorphism 
T T" and T" acts freely on U. If we let W = U/T, then U is T-equivariantly 
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isomorphic to T/T' x W. Since \U/T] is Deligne-Mumford it follows that i/ = T' is a 
finite group and so we see that \U/T] is equivalent to BH x W. □ 

Let V be a vector bundle on X and let lA be an open substack. Let Vu denote the 
restriction of V to a vector bundle on lA and let Yu be its coarse moduli space. 

Lemma 4.8. Let V' —?• V —?■ V" he an exact sequence of vector bundles on X = [^/T] 
satisfying the hypothesis of the theorem. Then there is a dense open substack lA G X 
such that the pullbacks iy : CH*(Vz^) —)■ CH*(V[^) is an isomorphism. (Here iu '■ —)■ 

Yu is the inclusion of coarse spaces.) 

Proof. By Lemma 4.7 there is a dense open substack lA G X isomorphic to BH x 
W where 77 is a finite diagonalizable group and W is affine. The restriction of a 
vector bundle V to 17 is a sum of vector bundles of the form [17/77] <^ £ where 17 is a 
representation of 77 and is a vector bundle on W. Therefore, given an exact sequence 
V' —)■ V —)■ V we can shrink W and hence lA so that each of these bundles restricted 
to lA is of the form 17 (g) Ow We can then repeat the argument of Lemma 4.6. □ 

Lemma 4.9. Let X be a Deligne-Mumford stack with finite stabilizer and let lA he 
an open set with complement Z (with the reduced induced substack structure). Let 
X, U, Z he the coarse spaces of X, U and Z respectively. Then the inclusion Z ^ X 
(resp. lA ^ X) induces a closed (resp. open) immersion Z — )■ X (resp. U —)■ X/ and 

U = X\Z. 

Proof of Lemma f.O. Again using the structure theorem for coarse moduli spaces we 
can reduce to the case that X = [Spec A/G] for some finite group G. Then lA = [W/G] 
where W is a G-invariant open set. Let Y = Spec A \ W. The coarse moduli space 
of lA is 7i{W) where tt: Spec A —)■ SpecA*^ is the quotient map. Likewise the coarse 
moduli space of Z is n{Y). 

Since the morphism tt is a geometric quotient its geometric fibers are G-orbits 
of geometric points. It follows that 7i{W) is open in X = SpecA'^ and equal to 
7r(Spec A) \ 7r(Z). □ 

Proof of Theorem f.f. Observe that if V is a vector bundle on X and 7/ C A is an 
open substack then the complement of V\u (with its reduced induced stack structure) 
is Vz where Z is the complement of lA with its reduced induced stack structure. Hence 
by Lemma 4.9 the complement of the coarse space Yu is the coarse space Yz- 

Now by Lemma 4.8 there is an open substack lA gV such that the inclusion Y(f 
Yu induces a pullback isomorphism of (higher) Chow groups CH'^(V[^, i) —)■ CH'^(Vi/, i) 
for every d, i. By Noetherian induction we may assume that the inclusion —)■ Yz 

also induces a pullback isomorphism of (higher) Chow groups. The theorem follows by 
applying the localization exact sequence for higher Chow groups (1). □ 
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Proof of Corollary 2. 7. By Theorem 2.6 we know that the pullback (/t)*: CH*(J (TX) ^ 
I{[T*X/G]) commutes with the orbifold product. Thus it suffices to show that (/i)* is 
an isomorphism of abelian groups. This follows because both T*X and [T*X/G] are 
vector bundles over X = [^/G] so IT*X and I[T*X/G] are both vector bundles over 
IX. Hence the pullback II* is an isomorphism. □ 

Remark 4.10. The methods used to prove Theorem 4.3 and Theorem 4.4 yield anal¬ 
ogous isomorphisms for the it'-theory of coherent sheaves. Since i^-theory is naturally 
defined for schemes over an arbitrary base we do not need to assume that the base 
scheme is a held. Also, there is a localization long exact sequence for the higher K- 
theory of algebraic spaces so we can obtain the A'-theory result in more generality. In 
particular, we may assume that X is a smooth algebraic space dehned over a Noether- 
ian scheme S and that T is diagonalizable - i.e., isomorphic to a closed subgroup of a 
torus. 

5. Application: Hypertoric Stacks and Lawrence Toric Stacks 

A natural algebraic way to construct hypertoric varieties is via geometric invariant 
theory (GIT) as follows: 

Fix integers d, n with n > d and let V be an u-dimensional representation of the 
rank d torus T. Choosing a diagonalizing basis for the action of let A = (aij) G 
be the matrix of weights for the action of d. We denote by the k-th column vector 
of A. We assume that A has maximal rank over Q which is equivalent to assuming 
that the generic stabilizer is finite. 

There is a natural action of T on H x and with an appropriate choice of basis 
the weight matrix for this action is A'^ = (oi... a„ — Oi... — a„) G 

If d G Z'^ is a character of T then we can consider the d-stable and semi-stable loci in 
V X V*. For generic choice of 9, {V x I/*)^ = (H x Note that the coordinate ring 

oiVxV* contains invariant elements so the GIT quotient X(A^, 6) := {V x V*')e//Td 
is not projective. However, it is semi-projective meaning that it is semi-projective over 
SpecSym((I/ x V*))'^ and the quotient is a 2n — d-dimensional toric variety called 
a Lawrence toric variety. The quotient stack X{A^,9) := [{V x V*Y/T] is called a 
Lawrence toric stack and its coarse moduli space is X(A=*=, 9). 

The representation V x V* has a natural T-invariant algebraic symplectic pairing 
/i: (1/ X V*) Lie(Trf)* = If we choose coordinates (xi,... ,x„) on V and dual 
coordinates {yi,... ,yn) on V* so that Td acts on Xi with weight Oj and on yi with 
weight —Qi then /i is given by the formula 

(xi,..., Xji, yi,... yY) I t (pi, • • •, Pn) 


where Hi = 
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The quotient Y(A, 9) = fi ^ (0)//^T is the associated hypertoric variety. Following 
Jiang and Tseng [JT2] we refer to the quotient stack 

y{A,9) := [(/x-i(0)n(yxy*r) /T] 

as a hypertoric stack. The variety Y(A, 6) is the coarse space of y{A, 6). 

Example 5.1. A = (oq, ... On) is a 1 x (n + 1) matrix with all a* positive, de¬ 
note by P(ao,..., ttn) the quotient stack [A"'+^ \ {0}/Gm] where acts with weights 
(oo,..., an). If 9 is positive then y{A, 9) = T*P(ao,..., a„) and the Lawrence toric 
stack X{A^,9) equals \ {0}))/T]. 

Theorem 5.2. The stack ^( 74 ^, 6*) has a Zariski open cover by open sets lA each 
isomorphic to {y{A,9) (lU) x A'^ such that under this isomorphism l corresponds to a 
section of the projection U —?■ (T’(A, 9) AlA). 

In particular the inclusion l: y{A,9) X{A^,9) is a strong regular embedding of 

smooth Deligne-Mumford stacks. 


Applying Corollary 2.4 we obtain as a corollary the following result about resolutions 
of singularities. 

Corollary 5.3. Let X —X(A^, 9) be a canonical resolution of singularities of the 
Lawrence toric variety X(A^, 9) and set X ;= Y(A, 9) Xx(a±.s) X. Then Y —)■ Y(A, 9) 
is a resolution of singularities of the hypertoric variety Y(A,6'). 

As in the case of cotangent bundles we also have a result about integral Chow groups 
and Chow rings as well. 

Theorem 5.4. The pullback A: CH*(A’(A^, 6*)) CH*(y(A,6')) is an isomorphism 

of integral Chow rings of Deligne-Mumford stacks. 

Also, ifY(A,9) ^ X(A^,6') is the inclusion of a hypertoric variety into the corre¬ 
sponding Lawrence toric variety then the pullbacki* ■. CHfc(X(A=*=, 0)) —)■ CHfc_d(Y(A, 6^)) 
is an isomorphism of integral Chow rings. 

The analogous statements also hold for the K-theory of coherent sheaves. 


Proof of Theorem 5.2. By [HS, Corollary 4.4] a point is 6*-stable if it lies in the com¬ 
plement of the vanishing of the irrelevant ideal 

Be = { n : C any column basis of A) 

AC,9) 
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where cr(C, 9) is defined as follows: If C = {an,..., aid} then there are unique non-zero^ 
rational numbers Ai,..., such that 

Aio-ii + A2ai2 + ... + AdOid = 0 

and 

a{C, 0) = {xi.: Xj > 0} : Xi < 0}. 

Each set of indices in a{C, 9) corresponds to a maximal cone in the fan of the toric 
stack , 9). Let Ua{c,e) <ZV xV* he the principal open set corresponding to the 

monomial x„^cfi) = 11^(0,e) and let U„^cfi) = [U<j{c,e)/T]. By construction the 

Ucr{c,e) form an open cover of {V x I/*)®. Theorem 5.2 then follows from the following 
Proposition. □ 

Proposition 5.5. Let a = (t{C, 9) for some fixed subset C of the columns of A. If 
W C is a -invariant irreducible closed subset transverse to /i“^(0) then W is T- 
equivariantly isomorphic to (/i“^(0) nhP) x A'^ where T acts trivially on AA. Under this 
isomorphism the inclusion W n/i“^(0) W corresponds to a section of the projection 
n E) X A'^ ^ /i-^O) n V. 

Proof of Proposition 5.5. After reordering the coordinates and we may assume that 
Xa = {.X 1 X 2 ... Xk){yk+iyk +2 ■■ - yd) for some k with 0 < k < d. Since A has rank d we 
may also perform row operations over Z to ensure that an A 0 fo^' * < d. Then on Uf, 
the hypertoric equations {J2^ijXjyj}i=i can be rewritten as Xj + ^ J2j=/=i{^ij/^ii)xjyj 
ii i > k and yi + ■^^Y.j^iiaij/anjxjyj if / < k. Then we can define an isomorphism 
(/i“^(0) n Ua) X AA ^ Ua where T acts trivially on the second factor by the formula 

((Xi, ...,Xn,yi,...,yn), (a, • • • , Zd)) H- 

(xi, . . . , Xfc, , ... 5 Xd-l-1, . . . Xn, ■ ■ ■ y ~y 2/fc + l) • • • ) 2/n) 

Now let W C Ua(c, 9 ) he a non-empty irreducible G^-invariant closed subset trans¬ 
verse to /x“^(0). Then W = fl I/(xj^,..., Xj,, i/jj,..., for some sets indices 
{A, ..., ii}y {ji,..., jm}, with {A • • •, b}n{l,..., /c} = 0 and {ji,.. .j^}n{k+l, ...,d} = 
0. 

If {A, ... ,ii} n {k + 1,... ,d} = 0 and {ji,... ,jm} fl {1,..., d} = 0 as well, then 
the argument used above shows that there is a T-equivariant isomorphism W {W fl 
p“^(0)) X AA. 

If this is not the case we can assume, without loss of generality, that ji G {1,..., d} 
and after reordering coordinates we have that ji = 1. Let lA C fo be the submodule 
where Xi = 0 and let A' be the matrix obtained by deleting the first column of A. Then 
hP is a closed subset of G^ x (lA x lA*) and the hypertoric equations ^ aijXjyj restrict 

^The assumption that 6 is generic ensures that all of the Xi are non-zero. The condition that the Xi 
are non-zero for each column basis of A is equivalent to the condition that every 0-semi-stable point 
is stable. 
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on Vi X Vj* to the equations for y{A',6) in X{A'^,6). The transversality assumption 
ensures that the hypertoric equations do not degenerate on W. Therefore, by induction 
on dim V we can conclude that the conclusion of the Lemma holds for the embedding 
/i-^(0)nlT-A IT. □ 

Proof of Theorem 5.4- The proof is similar to the proof of [HS, Theorem 1.1]. Since 
X(y4^, 6) is a semi-projective toric variety it is the toric variety of a fan Hg in a lattice 
N which has full dimensional support. A vector v & N determines a 1-parameter 
subgroup which acts on the toric variety X(A^,6'). If v is in the support of the 
fan Hg then the action on X(A^, 6) is hlterable. This means we can order the hxed 
components for the action of A„ so that Bialynicki-Birula decomposition of X(A^,0) 
with respect to this action gives a filtration 

0 = Uo C Ui C ... C U, = X(A±, 6) 

such that for every i > 1, the set Uj \ Ui_i is a closed subset of Uo- where a is a 
maximal cone in the fan of X. 

Now if A^ is the one-parameter subgroup corresponding to the sum of the generators 
for the rays in the fan Hg then A^ is the image of diagonal one-parameter subgroup 
of the torus under the quotient map G^ —)■ G^“'^ [HS, Proof of Lemma 6.5]. 
Since the hypertoric equations are homogeneous in the variables xi,... ,Xn,yi, ■ ■ ■ ,yn 
it follows that the quotient Y(A, 9) is invariant under the action of A^. 

As observed by Hansel and Sturmfels, the fixed loci for the A^ actions on X(A=*=, 6) 
and Y(A, 9) are equal since these two semi-projective varieties have a common core. 

The Bialynicki-Birula decomposition of Y [A, 9) gives a filtration 

0 = Vo C Vi c .. . C V, = Y(A, 9) 

such that Vj \ Vj_i is closed in Uj \ Ui_i. Moreover, since the hypertoric equations 
have positive weight with respect to the action of A^ the codimension of a component 
of the Bialynicki-Birula decomposition of Y(A, 9) in the corresponding component of 
the Bialynicki-Birula decomposition of X(A^,6*) is constant. 

By construction of X(A^,6*) as a geometric invariant theory quotient, the inverse 
image of the affine toric open subset Uo- is an open set Uo-(c,e) for some column basis C 
of A. Likewise any torus-invariant closed subset of W C Uo appearing in the hltration 
corresponds to a G^ invariant closed subset W C Ua(c,e) which is transverse to /i“^(0). 

By Proposition 5.5 there is a T-equivariant isomorphism (/i“^(0) fl W) x A'^ —)■ 
W where T acts trivially on second factor. Hence the pullbacks l* and i* induce 
isomorphisms of (higher) Chow groups CHj(L/j+i —)■ CHj_d(Vi+i \ Vi,k) and 

i*: CHj(Ui+i \ Uj, k) —)■ CHj_rf(Vj+i \ Vj, k) for all for all non-negative integers j, k 
where Ui = [U/T] and T = [U/T]. 
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Using induction on the stratifications U. and V. and the localization long ex¬ 
act sequence for higher Chow groups we see that pullback of (higher) Chow groups 
i*: CH*(X(y4^, 0), fc) —)■ CH*(Y(y4, 6^), fc) is an isomorphism. 

The same argument also works for the (higher) iC-theory of coherent sheaves. □ 

Remark 5.6. Although this result is a Chow group analogue of Hansel and Sturmfels’s 
earlier result on cohomology [HS], the Chow and cohomology groups of a singular toric 
variety need not be equal. Also observe that the same methods can be used to show 
that there are corresponding isomorphisms in algebraic X-theory. 

Remark 5.7. The proof of Theorem 5.4 makes crucial use of the fact that a Lawrence 
toric variety is projective over the affine toric variety Spec(Ux V*)'^, since this condition 
implies that it has a stratification by unions of torus orbits. It would be interesting 
to give an example where where the conclusion of Theorem 5.4 fails for a non-quasi 
projective quotient of an open set in {V x V*) on which T acts properly cf. [dMM, 
Remark 3.3]. 

Proof of Corollary 2.8. Again, by Theorem 2.6 it suffices to show that the pullback 
{li )*: CH*(JA’(A=*", 9)) —)■ CH*(J3^(A, 9)) is an isomorphism of abelian groups. Unlike 
the proof of 2.7 this not immediate because X (A^, 9) and y{A, 9) are not vector bundles 
over a common base. 

To prove this isomorphism we fix some notation. Let X{A^,9) = (U x U*)^ 
and yIa,9) = H X{A^, 9). Then A(A±,0) = [X{A^,9)/T] and y{A^,9) = 

lY(A^,e)/T]. 

Since T is diagonalizable and acts properly It{X{A^,9)) = IJ{geT||c/|<oo} 
and 

ix(A*,e)^[iT(x(A^,e))/T]^ II [x(A^,e)’iT] 

RgT lffl<oo} 

and a similar statement holds for iy{A, 9). (Note that all disjoint sums are finite since 
if T acts properly on a space X, X^ = 0 for all but finitely many g G T.) 

Observe that if U is a T-module and g ^ T then (y*y = (U^)* so U x V*y = 
X {yy* as T-modules. Also, if 0 is a character then 

(u^ X (u*)^)" = (u^ X yy) n (u X v*y 

where stability is take with respect to the character 9. Since the action of T on U 
is diagonalized, the submodule is obtained by setting coordinates Xij,... to 
zero. Hence, X{A^,9y = X{A'^,9) where Ag is the matrix obtained from A by 
deleting the ii ,... 4th columns. (Note that k and the integers 4, • • • ,4 depend on 
g.) Hence IX{A^,9) = ^”(4^, 6*). A similar argument shows that ly = 

Y[{g(zT\\g\<oo}y(^ 9 y^)- Hence by Theorem 5.4 the pullback h*: CH*(/A’(A^, 6*)) ^ 
CH*(/(V(A, 6*)) is an isomorphism. □ 
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We conclude with a conjecture. 

Conjecture 5.8. If X is a canonical (hence toric) resolution of singularities of the 
Lawrence toric variety X{A, 6) and Y = Y (A, 9) Xx(A,e)X then the pullback CH*(X) —)■ 
CH*(y) is an isomorphism. 
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